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We report on the out-of-equilibrium dynamics of a Bose-Einstein condensate (BEC) placed in an
optical lattice whose phase is suddenly modulated. The frequency and the amplitude of modulation
are chosen to ensure a negative renormalized tunneling rate. Under these conditions, staggered
states are nucleated by a spontaneous four wave mixing mechanism. The nucleation time is ex-
perimentally studied as a function of the renormalized tunnel rate, the atomic density and the
modulation frequency. Our results are quantitatively well accounted for by a Truncated Wigner
approach and reveal the nucleation of gap solitons after the quench. We discuss the role of quantum
versus thermal fluctuations in the nucleation process and experimentally address the limit of the
effective Hamiltonian approach.

Cold atoms provide powerful and versatile platforms
for quantum simulators of many-body systems [1–4], and
give access to the rich out-of-equilibrium dynamics of
such systems. A remarkable progress for tunability has
been achieved with the renormalization of the tunneling
rate in time-dependent double-well potentials and optical
lattices with the periodic shaking of the potential energy
landscape [5–7]. It has opened many new possibilities for
quantum simulations with the possibility to engineer ef-
fective Hamiltonians and simulate topological phases [8].
This includes the realization of the Hofstadter [9] and
Haldane models [10] and the investigation of frustrated
magnetism [11], to name a few recent examples.
This renormalization can be readily understood in the

context of a one-body analysis. However, interactions
play a key role in the quantum transition triggered by
the modulation. An interesting situation in this respect
is provided by the phase modulation of a 1D optical lat-
tice in a regime for which the renormalized tunneling rate
becomes negative. In this regime, the quantum gas ex-
periences a dynamical instability associated with a spon-
taneous four wave mixing mechanism [5, 12, 13]. This
generates a new quantum state, commonly called a stag-
gered state, for which neighbouring sites acquire oppo-
site phases [5, 6]. This phase transition can be readily
observed in momentum space after a time of flight expan-
sion. The interference patterns [14] observed as a result
of the spatial periodicity of a static optical lattice are
modified: new peaks in between the former static peaks
are observed [see Fig. 1(a)]. Interestingly this transition
is not quantitatively accounted for with a standard mean-
field approach.
In this article, we experimentally investigate the nu-

cleation of such staggered states and compare our result
with a time-dependent beyond mean-field approach. Our
experiments are complementary to nucleation studies of
vortices in a BEC using the rotating spoon technique [15–
17], which provides another example of phase transition
triggered by a dynamical instability [18, 19]. In those lat-

ter experiments, however, the kinetics of the transition
could not be studied as a function of the density since
the rotation weakens the transverse 2D confinement. We
report hereafter a one-fold variation of the nucleation
time of staggered states by varying the atomic density,
and investigate experimentally and numerically the role
of the renormalized tunneling rate and the modulation
frequency on the transient out-of-equilibrium dynamics.
We also explore the limit of the effective Hamiltonian
approach in this context.
Our experiments have been realized on our rubidium-

87 BEC machine that relies on a hybrid (magnetic and
optical) trap [20]. It produces pure BECs of 105 atoms in
the lowest hyperfine level F = 1,mF = −1. The 1D op-
tical lattice is generated by superimposing two counter-
propagating laser beams at 1064 nm (lattice spacing
d = 532 nm) to the horizontal optical guide of the hybrid
trap. The relative phase between the two arms of the
lattice is controlled in time via synthesizers whose fre-
quencies are imprinted on light using acousto-optic mod-
ulators. With a sinusoidal phase modulation of tunable
amplitude ϕ0, the atoms experience the potential
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where ωext accounts for the longitudinal confinement of
the hybrid trap along the guide axis.
To obtain a theoretical understanding of the behaviour

of a BEC in the presence of such a modulated potential,
we first perform a gauge transformation to the comoving
frame in which the lattice is periodically tilted instead of
shaken. A single-band approximation can be justified in
this latter representation provided the amplitude of the
lattice is sufficiently strong such that V0 > 4πϕ0mν2d2,
which is the case in our experiments. The motion of the
atoms along the lattice can then be modeled by means
of a one-dimensional tight-binding Hamiltonian in which
each well of the lattice is represented by one site. This
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FIG. 1: (Color online) (a) Transition to a staggered state
in the presence of a periodically shaken optical lattice with
the depth V0 = 2.6EL, the driving frequency ν = 1.5 kHz,
and the shaking amplitude ϕ0 = 0.75π for which the effective
time-averaged inter-site tunneling matrix element J̄ becomes
negative [see Eq. (1) and inset (c)]. The absorption images
obtained for various evolution times (followed by 25 ms time
of free flight in the absence of the lattice) clearly display the
passage of a spatially periodic condensate wavefunction to the
population of a staggered state lying at the edge of the Bril-
louin zone. (b) Nucleation time of the formation of staggered
states for various values of the shaking amplitude ϕ0 for which
the effective tunneling matrix element is negative, as shown in
the inset (c). The solid (dashed) line corresponds to the nu-
merical results obtained using the TW approach and assum-
ing the presence of 105 (5×104) atoms within the condensate.
A diverging nucleation time is obtained for ϕ0 = 0.6588π at
which the first zero of the Bessel function arises in (c).

Hamiltonian is constituted by site-dependent on-site en-
ergies that are essentially given by the longitudinal con-
finement of the trap, as well as by an approximately site-
independent inter-site hopping matrix element J that can
be tuned by varying the strength and/or wavelength of
the lattice.
As a result of the modulation, this inter-well tunneling

rate J is renormalized by a Bessel function according to

J̄ = J × J0(2πϕ0hν/EL) (1)

where EL = h2/(2md2) is the lattice characteristic en-
ergy. This result is readily derived from a one-body anal-
ysis [21] but turns out to remain valid in the presence of
two-body interactions provided the latter as well as J
are significantly smaller than hν. A qualitative picture
of the impact of this renormalization on the physics of
the system can be worked out perturbatively with the
expression for the energy of the lowest band using the
Peierls substitution: E0(k) = −2J̄ cos(kd). For J̄ > 0
the minimum of the band is located at k = 0, and the
Fourier transform of the wave function consists in a comb
of peaks centered about k = 0 with a spacing 2π/d. For
J̄ < 0, the minima are located on the border of the Bril-
louin zone at k = ±π/d.
When the sign of J̄ is changed through phase modu-

lation, the system is therefore put in a metastable state.
While this would not affect the mean-field dynamics of a

BEC in the presence of a translational invariant lattice,
any deviation from perfect homogeneity in the conden-
sate wavefunction or the lattice will give rise to a shrink-
ing amplitude of the periodic condensate mode and to an
exponentially increasing population of staggered modes
at k = ±π/d. The mechanism for the nucleation of the
staggered states has been identified as a dynamical insta-
bility also referred to as a parametric instability triggered
by interactions [22]. Going beyond the mean-field de-
scription of the condensate, deviations from translational
invariance are naturally present in form of quantum fluc-
tuations by means of which the actual many-body dy-
namics of the quantum gas at hand can be conveniently
modeled and understood. As a consequence, a quantum
depletion of the condensate is expected to arise in the
course of time evolution, followed by the formation of an
incoherent, thermal-like, cloud of atoms within staggered
modes near the border of the Brillouin zone [23].
To obtain a qualitative understanding of this dynam-

ical instability, we follow Ref. [22] and neglect the pres-
ence of the external longitudinal confinement for a mo-
ment. The system is then modeled by a homogeneous
Bose-Hubbard Hamiltonian

Ĥ = −J̄
∞
%

l=−∞

&

b̂†l b̂l+1 + b̂†l+1b̂l
'

+
U

2

∞
%

l=−∞

b̂†l b̂
†
l b̂lb̂l (2)

where b̂l denotes the annihilation operator associated
with the Wannier function centered on the l-th well of
the lattice and U accounts for a site-independent two-
body interaction strength. Assuming the presence of a
perfectly homogeneous condensate at t = 0 exhibiting n
atoms per site, we make the Bogoliubov ansatz [24]

b̂l(t) =

(

√
n+

)

d

2π

* π/d

−π/d
Λ̂(k, t)eilkddk

+

e−iµt/! (3)

where µ = −2J̄ + nU is the chemical potential of the
condensate. Linearizing the resulting equation for the
thereby introduced de-excitation operators Λ̂(k, t) yields

i!
∂

∂t
Λ̂(k, t) = 2J̄(1− cos kd)Λ̂(k, t)

+nU
,

Λ̂(k, t) + Λ̂†(−k, t)
-

(4)

whose solution evolves sinusoidally in time according to
Λ̂(k, t) = [cosΩkt−2i(J̄/Ωk)(1−coskd) sinΩkt]Λ̂(k, 0)−
i(nU/Ωk)[Λ̂(k, 0) + Λ̂†(−k, 0)] sinΩkt with the Bogoli-
ubov phonon frequencies

Ωk =
1

!

.

4J̄(1− cos kd)
/

J̄(1 − cos kd) + nU
0

. (5)

The time-dependent population of non-condensed modes
can then be directly evaluated through

⟨Λ̂†(k, t)Λ̂(k′, t)⟩ = (nU)2
"

sinΩkt

Ωk

#2

δ(k − k′) . (6)
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A dynamical instability occurs when J̄ becomes neg-
ative since Ωk becomes imaginary for each quasiparti-
cle mode that satisfies the relation J̄(1 − cos kd) < 0 <
J̄(1 − cos kd) + nU , which according to Eq. (6) implies
that tiny initial populations of such modes experience
an exponential growth with time. For nU > −4J̄ , this
growth is most pronounced for the staggered Bogoliubov
modes defined by kd = ±π, which describe an antiperi-
odic Bloch function within the lattice; the population
of these staggered modes grows with the Lyapunov ex-
ponent λ = [−8J̄(2J̄ + nU)]1/2/!. This expression has
stimulated our experiments described below, which ex-
plore how the nucleation time of the staggered states de-
pend on the value of J̄ and on the atomic density.
To allow for a more quantitative comparison with the

experiment, we performed numerical simulations of the
time evolution of the condensate by using the Truncated
Wigner (TW) method [25]. This method approximately
accounts for the effect of quantum fluctuations about the
initial coherent state of the condensate. Applied to the
Bose-Hubbard Hamiltonian (2), it essentially amounts
to sampling the time evolution of the quantum bosonic
many-body state in terms of classical trajectories that
evolve according to a discrete Gross-Pitaevskii equation.
For the practical implementation of the TW method,

we take into account the presence of the longitudinal
confinement of the hybrid trap, which gives rise to site-
dependent on-site energy terms that have to be added to
the Bose-Hubbard Hamiltonian (2), as well as to a spa-
tially inhomogeneous (Gaussian-like) condensate wave-
function which is calculated through imaginary time
propagation. We furthermore incorporate the fact that
the interaction energy within each site generally scales
in a non-quadratic manner with the population of that
site, due to the presence of a transverse Thomas-Fermi
profile within the pancake-shaped lattice wells [26]. How-
ever, the presence of thermal fluctuations in the initial
state (which can also be taken into account by the TW
method) are neglected, i.e., we make the simplifying as-
sumption that we start with a perfect BEC at T = 0
K.
The transition to staggered states is quantitatively

characterized by the nucleation time representing the in-
stance at which the population of a periodic condensate
state within the shaken lattice becomes less significant
than the population of a staggered state with antiperiodic
nature. To this end, we define by P0 the population of the
central condensate peak located at k = 0, and by S± the
population of staggered states centered about ±h/(2d) in
momentum space. In the numerical simulations, P0 and
S± are determined by integrating the momentum-space
density ρ(k) = n(k)a|| exp(−k2a2||)/(π

1/2d) within the in-

tervals −π/2d < k < π/2d and −π/2d < k∓π/d < π/2d,
respectively, where n(k) is the 2π/d-periodic momentum
density that results from the TW simulation of the Bose-
Hubbard dynamics [see the shaded areas in Fig. 2(a)].
The nucleation time is then defined by the time beyond
which S++S− exceeds P0. It corresponds to the instance
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FIG. 2: (Color online) Numerically computed mean momen-
tum density (a) and mean numbers of atoms on the lattice
sites (b, blue line) at the evolution time t = 7.5 ms in the
presence of a shaking with the frequency ν = 1.5 kHz and the
amplitude ϕ0 = 0.75π, calculated with the TW method for
a BEC containing 105 atoms. The shaded areas in (a) cor-
respond to the staggered mode populations S+ and S−. The
light gray (red) line in panel (b) shows the occupancies that
are obtained by computing a single TW trajectory. It indi-
cates that the population of staggered states is accompanied
by strong fluctuations of the lattice site occupancies.

at which the peaks at k = ±π/2d have the same accumu-
lated contrast as the peak at k = 0 in the experimental
absorption images.
The first experimental study that we performed deals

with the nucleation time of staggered states for different
values of the renormalized tunneling rate J̄ . We specif-
ically explored the dynamics at the border of the zone
for which J̄ becomes negative. The Lyapunov exponent
predicts a divergence of the time required to populate the
staggered states. We indeed observed a strong increase
of the nucleation time when we approach an amplitude
of modulation that corresponds to the zero of the Bessel
function [see Fig. 1(c)]. Good agreement is obtained with
TW computations of the nucleation time indicated by the
solid (dashed) lines in Fig. 1(b), which were conducted
according to the above prescriptions assuming the pres-
ence of 105 (5 × 104) atoms in the condensate. As these
simulations were performed at T = 0, thermal fluctua-
tions seem to play a minor role in this set of data for
which the temperature was indeed so low that it could
not be measured by time-of-flight methods.
The evolution of the atomic gas in momentum space is

illustrated in Fig. 1(a) which shows a sequence of time-
of-flight absorption images taken after various evolution
times. We clearly see the transition from an initially
coherent BEC, characterized by a sharp central peak at
k = 0 and by two side peaks at k = ±2π/d, to an incoher-
ent thermal cloud that oscillates between two maxima at
k = ±π/d. These latter peaks are significantly broader
than the initial condensate peaks, which is indicative of
an effective increase of the temperature as a consequence
of the dynamical instability mechanism [22, 27–29]. This
is also observed in the TW simulations, as is seen in
Fig. 2(a) which shows a snapshot of the numerically com-
puted momentum distribution of the atomic gas after the
nucleation process. Note that the sharp coherent BEC
peaks at k = 0 and±π/d are still present in the numerical
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simulations, in contrast to the experiment where they are
nearly completely washed out after the nucleation. We
attribute this to the fact that our TW approach is based
on a single-band approximation and does not account for
the effect of quantum fluctuations in the transverse de-
grees of freedom within the lattice, which are expected to
provide further significant contributions to the quantum
depletion of the condensate [30].
The TW approach allows one to obtain complementary

insight into the nature of the staggered states that would
not be easily accessible in the experiment. This concerns,
in particular, the behaviour of lattice site occupancies.
While their mean values ⟨n̂l⟩ = ⟨b̂†l b̂l⟩ do not display any
notable feature in the course of time evolution, their rms
widths (⟨n̂2

l ⟩ − ⟨n̂l⟩2)1/2 dramatically increase as soon as
staggered states become significantly populated. This is
illustrated in Fig. 2(b) where the mean lattice site oc-
cupancies (averaged over 10000 trajectories) are plotted
together with the occupancies that were obtained from
a single trajectory (shown in red), at an evolution time
t = 7.5 ms that exceeds the nucleation process.
The occurrence of pronounced spatial fluctuations is

strongly reminiscent of gap solitons [31] and indicates
that the formation of staggered states in momentum
space is accompanied by the generation of solitons. This
interpretation is consistent with the Bogoliubov mode
analysis in a 1D shaken optical lattice of Ref. [22]. It is
further confirmed by the fact that the spatial extension
of the density peaks is indeed on the order of the theoret-
ical prediction σ ≃ 2.6d[2|J̄ |/(nmaxU)]1/2 ≃ 0.7d for the
full width at half maximum of a gap soliton according
to Ref. [31] with nmax ≃ 6000 the maximal occupancy
within a lattice site. We should keep in mind, however,
that in the actual (three-dimensional) experimental con-
text, these gap solitons are expected to quickly disin-
tegrate into vortices and vortex rings through the snake
instability [32]. This effect is not accounted for in our nu-
merical simulations which are based on a one-dimensional
approximation for the optical lattice.
To explore the dependence of the nucleation time on

the atomic density, we performed experiments where we
drastically diminished the intensity of the vertical beam
of the crossed dipole trap after the BEC production. In
this manner, we could vary the atomic peak density be-
tween 5.5× 1013 at.cm−3 and 1013 at.cm−3 [33] and ob-
serve a one fold increase of the nucleation time. As shown
in Fig. 3(a), the experimental results are in fairly good
agreement with TW simulations, except for high peak
densities npeak ! 5 × 1013 at.cm−3. Indeed, to get such
high densities we compress adiabatically the trap and
therefore increase the temperature. Our results corre-
spondingly suggest that thermal fluctuations are playing
here a more important role in the nucleation process.
Finally, we investigate in Fig. 3(b) the scaling of the

nucleation time with the driving frequency ν where we
adapt the shaking amplitude ϕ0 = (0.889π/ν)× 1.5 kHz
such that the argument of the Bessel function is kept
constant according to Eq. (1) yielding J̄ ≃ −0.33J . As
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FIG. 3: (Color online) (a) Nucleation time as a function of the
peak atomic density for an optical lattice of depth of 2.6EL

(n0 ≃ 1013 at.cm−3), a driving frequency of 1.5 kHz and an
amplitude of modulation of ϕ0 = 0.75π. Upper (lower) trian-
gles show the results of numerical TW simulations taking into
account N = 105 (5×104) atoms in the condensate and using
accurate estimates for the longitudinal and transverse trap-
ping frequencies of the experiments. The (red) filled diamond
corresponds to the time-of-flight images shown in Fig. 1(a).
(b) Nucleation time as a function of the shaking frequency
ν where the shaking amplitude ϕ0 is adapted such that νϕ0

(and hence also J̄) is kept constant [see panel (c); shaded
areas show parameter regions where the effective tunneling
matrix element (1) is positive]. TW simulations (dashed blue
line) predict a convergence towards the nucleation time that
would be obtained within the time-averaged Bose-Hubbard
model (2). Performed at T = 0 K, they provide an upper
bound on the nucleation time since they do not take into ac-
count the role of thermal fluctuations.

we have the same time-averaged Bose-Hubbard Hamilto-
nian (2) for all ν, the nucleation time is found to vary
only rather weakly with the driving frequency. Note,
however, that this behaviour is expected to change for
ν ! V0/(4πϕ0νmd2) ≃ 6.5 kHz where the single-band
approximation can no longer be justified within the co-
moving frame. Indeed, a significant population of higher
bands is expected to occur in this latter high-frequency
regime as a consequence of near-resonant transitions,
which in turn should lead to a drastic decrease of the
nucleation time. This is exemplified in an experimental
study performed for ν = 14 kHz and ϕ0 = 0.028π (all
other parameters were chosen as usual) for which a tran-
sition to staggered states is found after a few ms, despite
the fact that J̄ > 0 for this combination of parameters
[26]. We attribute this instability of the condensate to
a near-resonant transition from the ground band to the
first excited band in the lattice. The latter exhibits a
maximum at k = 0 in the Brillouin zone, which gives rise
to a negative inter-site hopping matrix element.

In summary, we presented an experimental and theo-
retical study of the formation of staggered states within a
BEC that is subjected to a periodically modulated optical
lattice. Our measurements are in good agreement with
numerical simulations using the TW method at T = 0
K which are based on a single-band description of the
lattice, except for high densities where we have evidence
that thermal fluctuations are playing an important role.
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The present experimental setting can therefore be ex-
ploited in order to yield a quantitative diagnostic tool for
determining interaction and fluctuation effects in BECs.
Further studies in the high-frequency regime will be use-
ful and interesting in order to explore the interplay with
near-resonant inter-band transitions in more detail.
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Programme Investissements d’Avenir under the program
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In this supplementary material, we provide some tech-
nical details on the implementation of the Truncated
Wigner method which was used to perform the numerical
simulations. We furthermore provide a reminder on our
lattice depth calibration technique [1]. We finally show
results of phase modulation experiments performed in
an extended range of parameters in both modulation fre-
quency and lattice depth with respect to the experiments
presented in the main article and discuss the nucleation
of staggered states in each case.

I. IMPLEMENTATION OF THE TRUNCATED
WIGNER METHOD

The starting point for the implementation of the Trun-
cated Wigner method is the effective many-body Bose-
Hubbard Hamiltonian

Ĥ(t) = −J
∞
%

l=−∞

,

b̂†l b̂l+1e
−iθ(t) + b̂†l+1b̂le

iθ(t)
-

+
∞
%

l=−∞

!

Vlb̂
†
l b̂l +

Ul

2
b̂†l b̂

†
l b̂lb̂l

$

(7)

which describes the dynamics of a Bose-Einstein conden-
sate within a periodically shaken lattice. Here we employ
a single-band approximation within the reference frame
that is comoving with the shaken lattice. The shaking is
incorporated by means of a periodically time-dependent
Peierls phase

θ(t) = 2πϕ0
hν

EL
cos(2πνt) (8)

within the inter-site hopping matrix elements of the lat-
tice. The on-site energies

Vl =
1

2
mω2

||d
2l2 (9)

account for the presence of the longitudinal harmonic
confinement with the oscillation frequency ω||.
For lattice strengths V0 = sEL with s ! 2, we can

approximately represent the Wannier function within the
lth well by the Gaussian

Φl(x) =
1

1

π1/2a0
e−(x−ld)2/(2a2

0
) (10)

where

a0 =

)

!

mω0
=

√
2s−1/2

k
(11)

is the oscillator length associated with the frequency
ω0 = s1/2EL/! of oscillations within each well of the lat-
tice. The effective hopping parameter between adjacent
wells can be determined from a semiclassical Wentzel-
Kramers-Brillouin (WKB) ansatz [2, 3]. We obtain

J =
!ω0√
eπ

e−σ (12)

with the dimensionless imaginary action

σ =
√
2s

* π

arccosη

√
η − cosudu

=
1

8s(η + 1)E

!

π − arccosη

2
,

)

2

η + 1

$

, (13)

where we introduce the parameter

η = exp

"

−
1

2s1/2

#

−
1

2s1/2
(14)

and the incomplete elliptic integral of the second kind

E(ϕ, k) =
2 ϕ
0

1

1− k2 sin2 θdθ. Note that this WKB
ansatz is based on the approximate expression E0 =
(1− η)s1/2!ω0/2 for the ground state energy within each
well, which is obtained from the expression (10) for the
Wannier function using first-order perturbation theory.
A complication is introduced by the fact that the lat-

tice wells in the experiment are not truly one-dimensional
but rather exhibit a pancake shape, as the transverse con-
finement frequency ω⊥ of the trap is comparable to the
longitudinal one ω|| and hence much larger than ω0. For
the total atom numbers at hand, the BEC exhibits a
parabolic Thomas-Fermi profile in its transverse density
distribution within lattice wells that are located near the
center of the trap. The interaction energy within such a
well therefore scales in a non-quadratic manner (namely

∝ n3/2
l ) with the occupancy nl of that well, which im-

plies that the effective on-site interaction parameters Ul

appearing in the Bose-Hubbard Hamiltonian (7) scale as

n−1/2
l with the occupancies of the corresponding sites.

For weakly populated lattice sites that are located at the
edge of the atomic cloud, on the other hand, we can jus-
tify the perturbative approximation g ≃ 2!ω⊥as [4] for
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the effective one-dimensional interaction strength with
as ≃ 5.3 × 10−9m the s-wave scattering length of 87Rb
atoms, which yields Ul ≃ 2!ω⊥aS/(

√
2πa0) for those

sites.
In order to simultaneously account for weakly and

strongly occupied sites of the lattice, we employ a heuris-
tic interpolation formula

Ul =
2!ω⊥as/(

√
2πa0)

.

1 + 4nlas/(
√
2πa0)

(15)

between the perturbative and the Thomas-Fermi regime
[5]. We furthermore make the simplifying assumption
that the lattice site occupancies nl remain fairly constant
and are not substantially altered in the course of time
evolution. While this constraint appears to be well re-
spected on average, significant fluctuations of the lattice
site occupancies about their average values may never-
theless arise if the condensate undergoes a transition to
a staggered state [as seen in Fig. 2(b) of the main article].
Having thereby determined all relevant parameters of

the Bose-Hubbard system (7), we can then derive the
discrete nonlinear Schrödinger equation

i!
d

dt
ψl(t) = −J

,

ψl+1(t)e
iθ(t) + ψl−1(t)e

−iθ(t)
-

+Vlψl(t) + Ul

/

|ψl(t)|2 − 1
0

ψl(t) (16)

by means of which the classical fields ψl that sample
the quantum many-body state of the system have to
be evolved with time in the framework of the Trun-
cated Wigner method. For the initial state we assume
the presence of a perfect BEC within the optical lattice,
which is in an idealized manner described by a coher-
ent state in the classical field space. This leads to the
choice ψl(0) = φl +χl for the initial value of ψl where φl
corresponds to the condensate wavefunction within the
(unshaken) lattice at t = 0. In practice, φl is determined
by imaginary-time propagation of the Gross-Pitaveskii
equation that describes the condensate at t = 0 [which is
nearly identical with Eq. (16), except that it exhibits real
hopping and the usual Ul|ψl|2ψl interaction term]. This
thereby yields nl = |φl|2 for the determination of the on-
site interaction strengths according to Eq. (15). χl is a
complex random number drawn from a Gaussian proba-
bility distribution which is centered about the origin in
the complex plane and yields the variance |χl|2 = 1/2.
Effects due to the presence of finite temperature and ini-
tial quantum depletion within the atomic cloud are there-
fore neglected in this study.
Expectation values of one-body operators are then

evaluated according to the prescription

⟨b̂†l b̂l′ + b̂l′ b̂
†
l ⟩t = 2ψ∗

l (t)ψl′(t) (17)

where ψ∗
l (t)ψl′(t) denotes the statistical average (over

Truncated Wigner trajectories) of the expression
ψ∗
l (t)ψl′ (t). This yields in particular ⟨b̂†l b̂l⟩t = |ψl(t)|2 −

1/2 for the average occupancy of the site l at time t. A
similar subtraction of a “half-particle” is needed in order
to determine the average distribution of atoms in mo-
mentum space.

II. LATTICE DEPTH CALIBRATION

0 20 40 60 80 100 120 140

0

1

-1

0 1

-1

Time [µs]

FIG. 4: Lattice depth calibration using the oscillatory motion
of atoms within the lattice after a sudden phase shift of the
lattice of θ0 = 90◦ at t = 0. The measured period is 153 µs,
corresponding to a lattice depth of 1.9 EL. Top: absorption
images for various holding time in the shifted lattice (followed
by 25 ms time of free flight in the absence of the lattice). Bot-
tom: time evolution of the populations of the different orders
of momentum p = (0,±1)h/d extracted from the absorption
images.

We perform a precise calibration of the lattice depth
using the out-of-equilibrium dynamics of a chain of BECs
in an optical lattice following the method we demon-
strated in [1]. To do so, we first load adiabatically a
BEC in the lattice, creating a chain of BECs trapped at
the bottom of the lattice sites. At t = 0, we suddently
shift the phase of the lattice, which triggers the center-
of-mass motion of the atomic wave packets in each well
(shift of θ0 = 90◦ here). After a given holding time in
the shifted lattice, we perform a 25 ms time-of-flight. The
experimental absorption images (see Fig.4) show the in-
terferences of the different wave packets located in each
lattice site. The interference figure is centered on the
central interference peak (0th order) corrresponding to
wave packets that were released while being at rest in
the shifted lattice, i.e. at the turning points of the oscil-
latory motion. We observe oscillations of the population
in the 0th order from which we extract the period of the
center-of-mass motion of the atomic wave packets. This
period can be directly related to the depth of the optical
lattice. Indeed, the intrasite dipole mode is coupled to
a two phonon transition between the ground state band
and the second excited band at k = 0:

T0 =
2h

E3(k = 0)− E1(k = 0)
. (18)
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In this way, we find a lattice of depth 1.9 EL correspond-
ing to the measured period T0=153 µs. Interestingly,
we have shown that this kind of measurement is robust
against the value of the phase shift of excitation θ0, the
atom-atom interaction strength, and the external con-
finement superimposed to the lattice. For these values
of the phase shift and the lattice depth, tunneling plays
an important role in the wave packet dynamics insofar
as an important fraction of the wave packets tunnels to
the neighboring lattice sites. It explains for instance the
population of the -1 order for an evolution time in the
shifted lattice of 40 µs but also more generally the asym-
metry of the populations in the ± 1 orders. We have
studied in details such effect in Ref. [1].

III. PARAMETER RANGES FOR THE
NUCLEATION OF STAGGERED STATES

A. Frequency range

We extend the study of the effect of the modulation
frequency ν on the nucleation of staggered states per-
formed in the main article to determine the frequency
range in which such states appear. We first use a lat-
tice of depth 1.9 EL, characterized by a center-of-mass
oscillation of frequency νc = 6.55 kHz (see above) and
perform phase modulation experiments at different mod-
ulation frequencies below νc [see Fig.5 (1-4)]. We main-
tain the product ϕ0ν constant with ϕ0 the amplitude of
modulation, yielding an effective tunneling rate J̄ that is
constant and negative. The argument of the Bessel func-
tion [see equation (1) of the main article] is chosen equal
to 3.24.
At the lowest modulation frequencies (2 and 3 kHz), we

clearly observe the nucleation of staggered states with the
population of staggered modes at momentum p = ±h/2d,
whereas for larger modulation frequencies (ν = 5 kHz),
we do not significantly populate the staggered modes [see
Fig.5(c4)]. More specifically, defining by νc the center-
of-mass oscillation frequency within a lattice well, we ob-
serve the population of staggered modes for modulation
frequencies up to typically νc/2, meaning for modulation
frequencies that are not too close to excitations frequen-

cies towards the excited bands. The experiments pre-
sented in the main article on the effect of the modulation
frequency (see Fig. 3 of the main article) were performed
with a lattice of depth 2.6EL, corresponding to a center-
of-mass oscillation frequency νc = 8 kHz. As those ex-
periments were performed for modulation frequencies up
to 4 kHz, we could see the population of the staggered
modes for each chosen modulation frequency.
Additionally, we perform modulation experiments in

a lattice of larger depth, characterized by a center-of-
mass ocillation of frequency νc = 10.6 kHz. Intriguingly,
we could observe the nucleation of staggered states [see
Fig.5 (5)] for a frequency of modulation (ν = 14 kHz)
larger than νc and a very low amplitude of modulation
(ϕ0 = 0.028π). For such parameters, the argument of the
Bessel function is equal to 0.94 and would correspond to
a positive effective tunneling rate in a single-band theory.
However, the modulation frequency is close to the one-
phonon line from the lowest to the first excited band.
Thus, the theoretical treatment used in the main arti-
cle, which is based on a single-band approximation, is
no longer applicable. The study of the appearance of
staggered states in this frequency regime requires a more
involved treatment taking into account higher bands.

B. Lattice depth range

We perform phase modulation experiments for differ-
ent lattice depths ranging from 1.2EL to 3.2EL and ob-
serve the nucleation of staggered states in this range of
lattice depth (see Fig.6). The product ϕ0 × ν is kept
constant and corresponds to a negative effective tunnel-
ing rate J̄ . The dynamics for the population of staggered
modes look similar to the dynamics shown in the main
article (see Fig. 1 in the main article), but for the lattice
depth 1.2EL. For the lattice depth 1.2EL, the measure-
ment is performed at a lower modulation frequency and
as a consequence with a larger amplitude of modulation.
For such an amplitude of modulation, the associated clas-
sical phase space starts to exhibit chaotic zones, which
is probably responsible for the disrupted aspect of the
dynamics observed in this case [see Fig.6(a)].
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FIG. 5: Nucleation of the staggered states for different modulation frequency ν. For (1-4), the modulation frequencies are
below the center-of-mass oscillation frequency (νc = 6.55 kHz, corresponding to a lattice depth of 1.9 EL). The product
ϕ0ν with ϕ0 the amplitude of modulation is kept constant, corresponding to a negative renormalized tunneling rate J̄ . The
(amplitude,frequency) couple takes the following values (1) (0.67π, 2 kHz), (2) (0.44π, 3 kHz), (3) (0.33π, 4 kHz) and (4)
(0.27π, 5 kHz). For (5) the modulation frequency (ν = 14 kHz) is above the center-of-mass oscillation frequency, in this case
νc = 10.6 kHz (lattice of depth 3.7 EL) and the amplitude of modulation (ϕ0 = 0.028π) such that one would get a positive
J̄ within the single-band approximation. The approximation breaks down in this frequency domain and we could nucleate
staggered states. For every set of values are represented: (a) absorption images obtained for various evolution times followed
by 25 ms time-of-flight, where the time step is set to 100µs for the measurement (2) and 200µs for the other measurements;
(b,c) time evolution of the population in the different orders of momentum p = (0,±1/2,±1)h/d extracted from the absorption
images, with the orders (b) 0 (solid), +1 (dashed), -1 (dotted) and (c) +1/2 (dashed), -1/2 (dotted).
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FIG. 6: Nucleation of the staggered states for different lattice depths: (a) 1.2 EL, (b) 1.8 EL, (c) 2.6 EL and (d) 3.2 EL. The
absorption images are obtained for various evolution times followed by 25 ms time-of-flight. The amplitude ϕ0 and frequency
ν of modulation have been chosen such to keep the argument of the Bessel fonction (see equation (1) of the main article) equal
to 3.24: (a) ϕ0 = 1.67π and ν = 800 Hz (b-d) ϕ0 = 0.89π and ν = 1.5 kHz.


