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We report on a new method to calibrate the depth of an optical lattice. It consists in triggering
the intrasite dipole mode of the cloud by a sudden phase shift. The corresponding oscillatory motion
is directly related to the intraband frequencies on a large range of lattice depths. Remarkably, for a
moderate displacement, a single frequency dominates this oscillation for the zeroth and first order
interference pattern observed after a sufficiently long time-of-flight. The method is robust against
atom-atom interactions and the exact value of the extra external confinement of the initial trapping
potential.

Optical lattices play a key role in quantum simulations
performed with cold atoms [1, 2]. They are produced
by the interference of far-off resonance laser beams and
the resulting spatially modulated intensity defines purely
conservative and defect-free potentials in which atoms
evolve. By an appropriate set of lasers interfering at var-
ious angles, any lattice geometry can be generated [3–8].
The band structure and topology can also be directly en-
gineered by tuning the phase, intensity or polarization of
the interfering laser beams.

An important issue for experiments is to know, with
a high accuracy, the potential really experienced by the
atoms. For instance, the tunneling rate depends expo-
nentially on the potential depth for a sufficiently large
depth. A large error on this quantity can therefore
be made with a calibration method not precise enough.
In principle, the lattice depth can be readily calculated
once the characteristics of the laser beams (waist, detun-
ing, polarization and power) and of the atomic transi-
tion (atomic polarizability and saturation intensity) are
known. However, the precise knowledge of the quantities
that characterize the beam inside the vacuum chamber,
where atoms are manipulated, turns out to be difficult to
establish with an accuracy better than 10-20 %. Indeed,
the beam propagates through the windows of the vacuum
chamber yielding possible distorsions of the beam profile
combined with potential birefringence effects. The laser
beam may not have a M2 factor larger than 1, etc ...

To calibrate in situ the lattice depth, different meth-
ods have been developed including parametric heating
[9], Rabi oscillations [10], Raman-Nath diffraction [11],
expansion from a lattice [12] to cite a few. Each method
has a certain range of validity, and one shall be careful
in the error bar estimations. The most accurate methods
rely on the analysis of Bose Einstein condensate diffrac-
tion pattern.

In this article, we propose a new calibration method
that has the advantage of being independent of the in-
teraction strength, the quantum statistics, and is valid
over a very large range of potential depths. This method
simply consists in triggering, by a sudden phase shift,
the intrasite dipole oscillations of the gas inside the op-
tical lattice, and to relate the frequency of the observed

oscillations to the appropriate interband transition.

The paper is organized as follows. In Sec. I, we discuss
the calibration method based on the diffraction pattern
observed after exposing the quantum gas to a pulsed opti-
cal lattice. Section II addresses the technique which con-
sists in analyzing the interference pattern observed once
the lattice is suddenly switched off. Our new method
is detailed in Sec. III. We then conclude the paper with
some general comments on the method.

Our experiment produces nearly pure rubidium-87
BEC of 105 atoms in the lowest hyperfine level F =
1,mF = −1. It relies on a hybrid trap made of a
quadrupole magnetic field and a crossed dipole trap
[13]. The 1D optical lattice is created by superimpos-
ing two mutually coherent and far-off resonance counter-
propagating laser beams at λ =1064 nm. The corre-
sponding optical potential reads:

VL(x) = −U0 cos
2
(πx

d
+ θ0

)

(1)

and has a lattice spacing d = λ/2 = 532 nm. With our
notations, a change of the phase θ0 by 90o moves the
minima to the positions of the maxima. In the following,
the depth U0 of the lattice is measured in units of the
the lattice characteristic energy, EL = h2/(2md2) [14]:
U0 = sEL. In our experiment, the 1D optical lattice
is superimposed to the horizontal optical guide of the
hybrid trap [13].

The relative phase, θ0, between the two beams generat-
ing the optical lattice is controlled in time via synthesiz-
ers whose frequencies are imprinted on light with AOMs
(acousto-optic modulators). The phase θ0 can therefore
be modified on a very short timescale (on the order of
a few nanoseconds) or can be modulated in time. This
phase-modulation technique is quite standard and was
recently used in quantum simulation with cold atoms in
lattices to engineer the tunneling rate [15–24].

http://arxiv.org/abs/1801.08784v1
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FIG. 1: (a) Diffraction of a rubidium-87 Bose Einstein con-
densate from a pulsed one-dimensional optical lattice for
s ≃ 2.7. The different images correspond to different pulse
durations separated by 3 µs. (b) Orders -2, -1, 0, 1 and 2:
Experimental data (dark points), Raman-Nath approxima-
tion (blue dotted lines), Mathieu functions analysis (red solid
lines).

I. MATTER WAVE EXPOSED TO A PULSED

OPTICAL LATTICE

The most common method used to calibrate the depth
of an optical lattice consists in shining the light that gen-
erates the lattice for a short amount of time, τ , and to
analyze the corresponding diffraction pattern observed
after a sufficiently long time-of-flight. Examples of such
diffraction patterns are shown in Figure 1.

A. Analytical solution

The quantitative analysis of the diffraction patterns
is based on the formalism of Mathieu functions [25,
26]. Indeed, the stationary solutions Φ(x) of the one-
dimensional Schrödinger equation associated with the pe-

riodic potential VL(x) obeys the Mathieu’s equation:

d2Φ

dx̃2
+ [a+ 2q cos(2x̃)]Φ = 0, (2)

with x̃ = πx/d, a = 4E/EL + 2s and q = s. The solu-
tions of Eq. (2) are the Mathieu’s functions M(a, q; x̃).
According to Bloch-Floquet’s theorem, those solutions
can be recast in the form M(a, q; x̃) = eirx̃f(a, q, x̃) for
fixed values of (a, q) where r is an integer referred to
as the characteristic exponent, and f a periodic complex
valued function having the same spatial period as that of
the lattice. The Mathieu’s functions have the same par-
ity as their characteristic exponent. For fixed values of q
and r, only one value of a provides a solution of Eq. (2).
This specific value, ar, is referred to as the characteristic
value.
The BEC has a size much larger than the spatial period

d; we can therefore assume that the initial wave function
is constant. We choose a normalization to unity for one
spatial period. The initial wave function therefore reads,
ψ(x̃, 0) = (2π)−1/2. To derive explicitly the diffraction
pattern, we expand the initial wave function of the BEC
on the Mathieu’s basis:

|ψ(0)〉 =

∞
∑

r=0

〈M(ar, q)|ψ(0)〉|M(ar , q)〉

=

∞
∑

j=0

c2j√
π
|M(a2j , q)〉, (3)

with c2j = (
√
2/π)

∫ π

0 M(a2j , q; x̃)dx̃. During the time
over which the pulse is applied, each component 2j
evolves freely according to its energy E2j/EL = a2j/4−
q/2:

ψ(x̃, τ) = e−iq
ELτ

2~

∞
∑

j=0

c2j√
π
M(a2j , q; x̃)e

−ia2j
ELτ

4~ . (4)

From this expression, we infer the population of the nth

diffraction order:

Pn(U0, τ) =

∣

∣

∣

∣

∫ 2π

0

1√
2π
ψ(x̃, τ)e−2inx̃dx̃

∣

∣

∣

∣

2

. (5)

B. Raman Nath approximation

The previous expression can be simplified in the limit
of very short pulses. Indeed, in this case, atoms have not
enough time to change their velocity during the pulse and
the kinetic energy can be neglected [11]. This approxima-
tion is commonly called the Raman Nath approximation.
More qualitatively, this criterium reads τ ≪ 2π/ω0 with
ω0 = (2π2U0/md

2)1/2 = (EL/~)s
1/2 where the angular

frequency ω0 is associated with the harmonic approxima-
tion of the minima of VL(x). Note that this criterium is
all the more restrictive at low lattice depths. In practice,
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the Raman Nath approximation allows to calibrate ac-
curately lattice with a sufficiently large depths s (s > 5
typically).

Under this approximation, the periodic potential is di-
rectly imprinted on the phase of the wave function:

ψ(x, τ) = e−iVL(x)τ/~ψ(x, 0),

ψ(x, τ) ∝
+∞
∑

n=−∞

inJn

(

U0τ

2~

)

einkLxψ(x, 0), (6)

yielding

Pn(U0, τ) ∝
∣

∣

∣

∣

Jn

(

U0τ

2~

)
∣

∣

∣

∣

2

. (7)

In Figure 1, we have represented a set of data at the
breakdown edge of the Raman Nath approximation. Fit-
ting the data with the Bessel functions for the orders
-2,-1,0,1,2 of the diffraction pattern (see Eq. (7)) yields a
depth of 2.78 ± 0.52 EL. If we apply the Mathieu func-
tions to the different orders, we get a much more accurate
estimation 2.68± 0.01 EL. In Fig. 1, we clearly see that
this latter fit gives a much better account of the zeroth
order time-evolution and of the wings observed on the or-
ders ±2. The accuracy for this method in the low depths
regime therefore comes at the expense of a detailed fit
procedure over many orders and involving the Mathieu
functions. The breakdown of the Raman-Nath approx-
imation also generates an envelope of the time-evolving
diffraction pattern that is shaped by caustics [29].

II. SUDDEN EXPANSION METHOD

Another calibration method consists in studying the
interference pattern obtained after a sudden switch-off of
the lattice and a subsequent long time-of-flight. For this
purpose, one shall first load the BEC adiabatically in the
optical lattice.

Once the BEC has been produced in our hybrid trap,
the optical lattice is ramped up adiabatically in 30 ms
using a S-shape variation in time of the intensity of the
lattice beams. The time duration for the ramp is large
compared to ~/µ where µ is the BEC chemical poten-
tial [30]. As a result, the BEC reaches a steady state for
which it is splitted in small BECs occupying the different
lattice sites. The lattice is then abruptly switched off.
The wave packets, initially located at the lattice sites,
then expand freely and interfere with one another yield-
ing a serie of regularly spaced peaks. Figure 2 provides
three examples of such interference patterns for different
lattice depths. The resulting spatial interference pattern
is then analyzed to extract the value of the depth of the
potential U0[12].

Assuming that the size of the condensate is large com-
pared to the lattice spacing, we can assume that the wave

-
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FIG. 2: (a) Time-of-flight pictures (expansion during 25 ms)
obtained after a sudden release of an adiabatically loaded Bose
Einstein condensate into an optical lattice for different depths
U0 =1.9, 6.6, 11.4 EL. (b) Integrated profile corresponding
to each image.

function is periodic and reads

ψ(x) =

Ns
∑

m=1

f0(x−md)eiϕm , (8)

where Ns is the number of sites, f0 corresponds to the
wave function in a single lattice site and ϕm accounts for
the relative phase in the different lattice sites. For large
lattice depths (s > 15), the tunneling between adjacent
sites becomes negligible and the BEC in each site will
be rapidly out of phase [28]. Indeed, the phase is pro-
portional to the chemical potential of the clouds in each
lattice site which may differ from site to site due to the
loading of a different number of atoms in the lattice sites.
An absorption image is then taken after a sufficiently

long time-of-flight and reveals the initial density in mo-
mentum space

∣

∣

∣
ψ̃(p)

∣

∣

∣

2

=
∣

∣

∣
f̃0(p)

∣

∣

∣

2
∣

∣

∣

∣

∣

Ns
∑

m=1

eiϕme−ipmd/~

∣

∣

∣

∣

∣

2

, (9)

where f̃0(p) is the Fourier transform of f0(x). The ex-
pression of the second factor depends on the phase rela-
tion between the sites [28]. For low depth, the tunneling
favors a uniform phase and we can assume ϕm = ϕ0, and
we get

∣

∣

∣

∣

∣

eiϕ0

Ns
∑

m=1

e−ipmd/~

∣

∣

∣

∣

∣

2

=
sin2

(

Nspd
2~

)

sin2
(

pd
2~

) . (10)

To get the population in each order, we need a model
function for f0. As a first example, we assume a Gaus-
sian function corresponding to the wave function of the
harmonic oscillator obtained by expanding VL about its
minima [27]. This approximation is expected to be all
the more valid as the magnitude of s is large. The
Fourier transform then reads f̃0(p) ∝ exp(−p2a20/2~2)
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where a0 = (~/mω0)
1/2 is the harmonic oscillator length

associated with ω0. The population Πn for the order n
is then readily obtained from Eq. (9) with pn = nh/d:

Πn = Π0e
−(2πna0/d)

2

= Π0e
−2n2/s1/2 . (11)

Under this Gaussian approximation the lattice depth can
therefore be directly inferred from (11)

sgauss =

(

2n2

ln(Pn)

)2

, (12)

where Pn = Πn/Π0 However, for relatively shallow lattice
(s < 15), this approximation is not accurate since the
tunneling favors a spreading of the wave function. A
correction was numerically studied in Ref. [27], and an
analytical formula proposed in Ref. [12] for s < 5,

s ≃ sgaussP
−1/4
n . (13)

There is no available interpolation formula at intermedi-
ate depths (5 < s < 15). In this range of parameters, it
is therefore difficult to infer with accuracy the correspon-
dance between the population in the interference orders
and the depth. In the following section, we propose an-
other strategy to deduce the lattice depth accurately on
a broad range of lattice depths (0.5 < s < 50).

III. THE SUDDEN PHASE SHIFT METHOD

For the new method that we propose, we start as the
previous method: a BEC is first adiabatically loaded into
an optical lattice. We then perform a sudden phase shift
of the optical lattice, θ(0+) = θ0 < 90o. The analysis
of the subsequent motion of the wave function can be
readily obtained by expanding the initial wave function
onto the Bloch states with zero pseudo-momentum:

Ψ(x, t = 0) =

+∞
∑

n=1

cn,0un,0(x), (14)

where the functions un,q(x) are the Bloch functions for
a given depth U0 associated with the band n and the
pseudo-momentum q such that −π/d ≤ q ≤ π/d. The
time evolution reads

Ψ(x, t) =

+∞
∑

n=1

cn,0e
−iEn(q=0)t

~ un,0(x). (15)

where En(q) are the Bloch energies of the nth band for
a lattice of depth U0. The evolution is observed after
a long time-of-flight and for different holding time, t, in
the lattice after the phase shift. Figure 3 provides three
examples of such series of snapshots for different depths
where the back and forth oscillation in the lattice poten-
tial wells can be clearly seen. The pattern observed in

2h/dh/d−h/d 0−2h/d p

FIG. 3: Oscillation in momentum space (obtained after a 25
ms time-of-flight) triggered by an initial phase shift θ0 = 25o

and for different depths U0 =1.9 (a), 6.66 (b), 11.4 EL (c).

those images is nothing but the modulus of the Fourier
transform of the wave function:

P (p, t) = |Ψ̃(p, t)|2 ∝
∣

∣

∣

∣

∫

Ψ(x, t)eipx/~dx

∣

∣

∣

∣

2

. (16)

To characterize the oscillatory behavior observed in mo-
mentum space, we take the time Fourier transform of
P (k, t) for the different orders and introduce the popula-
tion for each order n:

Πn(ν) ∝
∫

P

(

nh

d
, t

)

eiνtdt. (17)

In Figure 4, we plot Π0(ν) and Π±1(ν) for different lattice
depths s, and initial offset angle θ0. The main result of
this article concerns the zeroth order for relatively small
values of θ0 (see Fig. 4 for θ0 = 10o). Indeed, only one
frequency essentially appears for a very broad range of
potential depths from s = 0.5 to 50. The one to one corre-
spondance between the frequency and the depth provides
an interesting calibration method valid over a very wide
range of lattice depths. Furthermore, for low depth, the
first order of the oscillating pattern in Fourier space has
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FIG. 4: Populations Πn(ν) in momentum space versus frequency ν, for the orders n = 0 (a) and n = ±1 (b). The populations
Πn(ν) are defined as the Fourier transform of the oscillation pattern resulting from the initial quench. The quench corresponds
to an offset of the initial potential by an angle θ0 = 10o (a1 and b1), θ0 = 25o (a2 and b2) and θ0 = 70o (a3 and b3). The gray
scale corresponds to a decimal scale.

even a better contrast than the zeroth order, and there-
fore constitutes a reliable alternative to fit the data.
One may wonder why only one frequency dominates

the zeroth order population Π0(ν) for relatively low off-
set angle θ0. Two main effects are responsible for this
interesting behavior: first the small initial phase shift
dramatically limits the number of Bloch states over which
the initial state is projected (to typically 4), and second,
the integral over space in Eq. (16) selects only the con-
tribution of states that have an even parity when k = 0.
As a result the contribution of second and fourth Bloch
bands are washed out. The frequency of oscillation of the
zeroth order population Π0(ν) is therefore given by

ν0 =
E3(q = 0)− E1(q = 0)

h
. (18)

In Figure 5, we provide an analysis based on this relation
between the depth and the measured frequency associ-
ated to the diffraction pattern of Fig. 3b. In this case,
we find a lattice depth equal to 6.66EL.
Similarly, at low offset angle, the first order population

Π+1(ν) is dominated by one frequency ν1:

ν1 =
E2(q = 0)− E1(q = 0)

h
. (19)

In this case, the small offset angle still limits the number
of Bloch states on which the initial state is projected.
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Time [µs]

A
m

p
li
tu

d
e

[a
rb

.
u
n
it
.]

FIG. 5: Population of the zeroth order of the diffraction pat-
tern of Fig. 3b as a function of time: Experimental data (black
squares), Fit (solid line). We find a frequency ν = 33.3 kHz
corresponding to a depth U0 = 6.66EL.

However, no selection rule applies in this case, which ex-
plain the higher number of frequencies for the first order
population than for the zeroth order (compare Figs. 4a2
and b2).

Interestingly, for a larger initial angle θ0 = 25o, the
dominant frequency in the spectrum of Π0 and Π+1 re-
mains unchanged (see Fig. 4). Our calibration method
is therefore quite robust against the value of the initial
angle. For sake of comparison, we have also plotted sim-
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m = −2, (b) m = −1 and (c) m=0. The depth of the optical
potential is U0 = 9.4EL.

ilar spectra for a very large initial offset angle θ0 = 70o.
As intuitively expected, for such a large initial angle the
initial wave function is projected on many bands and
many interband frequencies are involved in the subse-
quent oscillatory motion. In Figure 6, we have plotted
the normalized populations

Π̃n(t) =
P (nh/d, t)

∑

n P (nh/d, t)
, (20)

in the mth order (for m = 0,−1 and −2) of the diffrac-
tion pattern as a function of time for θ0 = 70o along

with the prediction obtained from Bloch analysis. We
find a perfect agreement between experiment and theory
in this very far-off-equilibrium dynamics without any ad-
justment. This confirms that our analysis is valid and
robust even outside the single frequency regime.

A major advantage of our calibration method is that it
is immune to both atom-atom interactions and the spe-
cific value of the extra external confinement provided by
the initial trap. Note that even if the loading is not per-
fectly adiabatic, the method still holds. This result has
been proved with extensive numerical simulation of the
Gross-Pitaevskii equation[13]. The independence of the
frequencies ν0 and ν1 with respect to interactions results
from the fact that the motion triggered by the sudden ini-
tial phase shift corresponds to the so-called dipole mode.
It corresponds to an oscillation of the intrasite center of
mass which is not affected by the strength of the inter-
actions.

IV. CONCLUSION

The dipole mode in ordinary traps, also referred to as
the Kohn’s mode, characterizes the center of mass os-
cillation, and is consequently not affected by two-body
interactions, the temperature nor the statistics. This is
the reason why it is used to experimentally calibrate the
value of the trap frequencies. In this article, we have
shown its interest for in situ determination of lattice
depths. For this purpose, we apply a sudden change
in position of the lattice, small compared to the lattice
spacing period (less than 100 nm), and observe the sub-
sequent motion of the wave packets after a time-of-flight.
Besides the well known advantages of dipole oscillations
mentioned above, this method provides a simple mapping
between the single frequency observed in the motion and
the lattice depths, and turns out to be robust against
the precise value of the position shift because of selection
rule for interband transition.
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